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Hilbert $H$ Scatten $G$ $\{H, G\}$ ,
$\zeta(G, s)=\mathrm{t}\mathrm{r}(G^{\epsilon})$ $s=0$ $\zeta(G, 0)=\nu,$ $\zeta(G, s)$
$d$ $Ge_{n}=\mu_{n}e_{n},$ $e_{\infty}= \sum_{n}\mu_{n}^{d/2}e_{n}$
’






Compact $D$ Green $G$ $s=0$










2. $G$ Dirac Green
$H$ polarization Fredholm Cuntz
$(\S 3, \S 10)_{\text{ }}$
1500 2006 1-25 1
3. $H$ : 1 $\sigma_{1}(x_{1}, \ldots)=$
$\sum_{n}x_{n}$ (\S 4)
4. : $\prod_{n}x_{n}$ : $det_{G}T=e^{\mathrm{t}\mathrm{r}G^{\epsilon}\log t}|_{\epsilon=0:}$
Paycha trace (\S 5,
\S 6)
\S 7-\S 10 (\S 7)
(\S 8) $\int_{D}f$ : $d^{\infty}x$ : scaling
$I_{a}$ ; $I_{a}e_{\mathrm{n}}=a_{n}e_{n},$ $a=(a_{1}, a_{2}, \ldots)$
$\int_{D}f$ : $d^{\infty}x:= \int_{I_{a}D}|$ : $\prod_{n=1}^{\infty}a_{n}$ : $|^{-1\#}I_{a}f$ : $d^{\infty}y:$ , $y_{n}=a_{n^{X}n}$ ,
$f= \prod_{n}f_{n}(x_{n}),$ $f_{n}\geq 0,$ $\int_{a_{n}}^{b_{n}}f(x)dx=c_{n}$ ,
$\int_{D}f$ : $d^{\infty}x$ $:=: \prod_{n=1}^{\infty}a_{n}::$ , $D= \{\sum_{n}x_{n}e_{n}|a_{n}\leq x_{n}\leq b_{n}\}\subset H^{\mathfrak{h}}$ ,
Gauss $\int e^{-\pi(x,Dx)}Dx=\frac{1}{\sqrt{detD}}$
$W^{k}$
$Gr(W^{-\text{ }})\oplus Gr(W^{\text{ }})detG$ $(\infty-p)-$
trace
(\S 9) \S 10 Soborev
$(\mathrm{c}\mathrm{f}.[2])$
1 Hilbert Schatten
$\{H, G\}$ Hilbert $H$ Schatten $G$
spectre $\zeta$ $\zeta(G, s),=\mathrm{t}\mathrm{r}(G^{s})$
$(\mathrm{c}\mathrm{f}.[8])$ $H=L^{2}(X),$ $X$ compact Riemann $G$ $X$ Laplacian
( $+\mathrm{m}\mathrm{a}s\mathrm{s}$ term) Green $G$
$X$ compact spin $X$ 2 spinor
Hilbert $H,G$ $X$ Dirac +mass term) Green
$G$
$G$ $\zeta(G, 0)=\nu,$ $\zeta(G, s)$ $d$,
$\zeta(G, s)$ $c$ $\nu$ $G$
$H$ $G$ compact $X$
Green $d^{-}=\mathrm{d}\mathrm{i}\mathrm{m}.X/\mathrm{o}\mathrm{r}\mathrm{d}.D$
2
$H$ $G$ $e_{1},$ $e_{2},$ $\ldots$ ; $Ge_{n}=\mu_{n}e_{n},$ $\mu_{1}\geq\mu_{2}\geq$
. . . $>0$ $x= \sum_{n}x_{n}e_{n}$ $x$ $(x_{1}, x_{2}, \ldots)$ ,
$x\in H$ Soborev norm $||x||k=(G^{-k/2}x,$ $G^{-k/2_{X)}}$
Soborev $W^{k}$ $W^{k}$ $e_{1,k},$ $e_{2,k},$ $\ldots$ ,
$e_{n,k}=\mu_{n}^{k/2}e_{n}$ $x= \sum_{n}x_{n,k}e_{n,k}\in W^{k}$ $W^{k}$ $x$
$(x_{1,k}, x_{2,k}, \ldots)$ , $x\in H\cap W^{k}$ $x_{n,k}=\mu_{n}^{-}$ $\ovalbox{\tt\small REJECT} \mathrm{A}x_{n}$
Soborev $e_{1,k},$ $e_{2,k},$ $\ldots$ :
$e_{\infty,k}= \sum_{n=1}^{\infty}\mu_{n}^{d/2}e_{\infty,k}$ ,
$e_{\infty,k}\in W^{l},$ $e_{\infty,k}\not\in W^{k}$ $(\mathrm{c}\mathrm{f}.[10])$
1. $W^{k,\#}$
$W^{k,\mathfrak{h}}=W^{k}\oplus \mathrm{K}e_{\infty,k}$ , (1)
$\mathrm{K}$ $H$
$W^{k,\mathfrak{h}}\subset W^{l},$ $l<k$ $x\in W^{k,\#}$







Wk\oplus Ke\infty \infty ,k W
2. $x=x_{f}+te_{\infty,k},$ $y=y_{f}+ue_{\infty,k}$
$\langle x,y\rangle_{k}=\lim_{\epsilon\downarrow 0}(x_{f}+\sqrt{s}G^{s/2}te_{\infty,k},y_{f}+\sqrt{s}G^{s/2}ue_{\infty,k})_{k}$, (2)
$W^{k}$ $(x, y)_{k}$
$( \sqrt{s}G^{\delta/2}e_{\infty,k}, \sqrt{s}G^{\epsilon/2}e_{\infty,k})_{k}=s\sum_{n=1}^{\infty}\mu_{n}^{s+d}=s\zeta(s+d)$ ,
3
$\lim_{s\downarrow 0}(\sqrt{s}c^{s/2}e_{\infty,k}, \sqrt{s}G^{\epsilon/2}e_{\infty,k})_{k}=c$
$\langle e_{n,k}, e_{m,k}\rangle_{k}=\delta_{n,m}$ , $\langle e_{n,k}, e_{\infty,k}\rangle_{k}=0$ , $\langle e_{\infty,k}, e_{\infty,k}\rangle_{k}=c$, (3)
$W^{k}$ Wk ( ) $W^{k}$
$\mathrm{K}\mathrm{e}_{\infty\text{ },k}$
$W^{k}$ $W^{-k}$ Soborev




$x_{1}$ $=$ $r\cos\theta_{1}$ , $x_{2}=r\sin\theta_{1}\cos\theta_{2},$ $\ldots$ ,
$x_{n}$ $=$ $r\sin\theta_{1}\cdots\sin\theta_{n-1}\cos\theta_{n},$
$\ldots,$
$0\leq\theta_{1}\leq\pi,$ $i=1,2,$ $\ldots$ ,
$r^{2}=x_{1}^{2}+\cdots+x_{n}^{2}+r^{2}\sin^{2}\theta_{1}\cdots\sin^{2}\theta_{n}$,
$\lim_{narrow\infty}\sin\theta_{1}\cdots\sin\theta_{n}=0$ , (4)
$x\in H$ $(r, \theta_{1}, \theta_{2}, \ldots)$ ,
$(r, \pi/2, \pi/2, \ldots)$ $H$
$t_{\infty}= \lim_{narrow\infty}\sin\theta_{1}\cdots\sin\theta_{n}=\prod_{n=1}^{\infty}\sin\theta_{n}$ , (5)
$\phi,$ $0\leq\phi<2\pi$ $z$
$y=rt_{\infty}\cos\phi$ , $z=rt_{\infty}\sin\phi$ , (6)
H
$\tilde{H}=\{(x, y, z)|x\in H\}\cong H\oplus \mathbb{R}^{2}$ , (7)
$\hat{H}=\{(x, y, z)|\phi=0, \pi\}\cong H\oplus \mathrm{R}$, (8)
4
$\hat{H}$ ( ) H ( ) Greenwitch
$W^{k}$
$r_{k},$ $\theta_{1,k},$ $\theta_{2,k},$ $\ldots$ ,
$k<0$ $e_{\infty}\in W^{k}$ $W^{k}$ $r(k),$ $\theta_{n}(k)$
$r_{n}(k)$ $r_{n}$ $\lim_{-k\downarrow}0r_{n}(k)=\infty$
$\lim_{-k\downarrow}0\cos\theta_{n}(k)=0$
$\varliminf_{k\downarrow 0}\theta_{n}(k)=\frac{\pi}{2},$ $n=1,2,$ $\ldots$ (9)
$r_{k}^{2}=\zeta(G, -k)$ $\lim_{-k\downarrow 0}\sqrt{-k}r(k)=\sqrt{c}$
$\rho:H\#arrow\hat{H}$
$\rho(x, te_{\infty})=(x,t\sqrt{c}t_{\infty})$ , (10)
$p:H^{\mathfrak{h}}\cong\hat{H}$
$e_{\infty}$
$( \sqrt{c}, \frac{\pi}{2}, \frac{\pi}{2}, \ldots)$
$r_{\mathrm{n}}=\sqrt{\sum_{m\geq n}x_{m}^{2}}$
$\cos\theta_{n}=\frac{x_{n}}{r_{\mathrm{n}}}$
$x=c^{k/2}e_{\infty},$ $k>0$ , $(r_{n}(k), \theta_{1}(k),$ $\theta_{2}(k),$ $\ldots)$ ,
$r_{\mathrm{n}}(k)^{2}$ $=$ $\frac{c}{k}+(c_{0}-(\mu_{1}^{d+k}+\cdots+\mu_{n-1}^{d+k}))+O(k)$ ,
$\zeta(G,d+k)$ $=$ $\frac{c}{s}+c_{0}+O(s)$ ,
$\cos^{2}\theta_{n}(k)=\frac{\mu_{n}^{d+k}}{r_{\mathrm{n}}(k)^{2}}=\frac{s}{k}(1-\frac{c_{0}-(.\mu_{1}^{d+k}+\cdots+\mu_{n-1}^{d+k})}{c}s+O(s^{2}))$ ,
$\lim_{k\downarrow 0}\frac{1}{\sqrt{s}}\cos\theta_{n}(k)=\sqrt{\frac{\mu_{n}^{d}}{c}}$
$\theta_{n}(k)=\frac{\pi}{2}-\sqrt{\frac{\mu_{n}^{d}}{c}}\sqrt{k}+O(s)$ , $k\downarrow 0$ ,
3 Fredholm Cuntz
G H; H-
(G Dirac Green ) \mbox{\boldmath $\zeta$}(G, s)
5
$\eta(G, s)=tr(G|G|^{s-1})$ $s=0$ $G$ compact spin
Dirac Green
$G|G|^{-1}=J=P\text{ }P_{\ovalbox{\tt\small REJECT}}$
$J$ $H$ polarization $P\pm$ $H\pm$
3. $F:H_{+}arrow H_{-}$ , : $H_{-}arrow H_{+}$
$\{H, G\}$ Fredholm $F$
4. $H$ $H\pm$ $s_{1}$ : $Harrow H_{+},$ $s_{2}$ : $Harrow H_{-}$
{H, G} Cuntz { $s_{1}$ , s2}
$s_{1},$ $s_{2}$
$s^{1}s_{1}=s^{1}s_{2}=I$, $s_{1}s_{1}^{\uparrow}+s_{2}s_{2}^{\uparrow}=I$,
Cuntz O2 { $s_{1}$ , s2} Cuntz
$s_{2}s_{1}^{\dagger}$ : $H+arrow H_{-},$ $(s_{2}s_{1}^{\uparrow})^{\uparrow=}$. $s_{1}s_{2}^{\uparrow}$ : $H_{-}arrow H+$
$\{H, G\}$ Cuntz $F=s_{2}s_{1}^{\dagger}$ Redholm
Fredholm
Cuntz Redholm Cuntz
$H$ unitary unitary $([1],[9])$
$c_{+}$ $G_{-}$ $G$ $G_{-=}$
$Fc_{+}$ Redholm – Redholm
. $X$ $a$ $G=G_{n}$
$e^{-i\frac{2n+1}{2a}t} \frac{1}{i}\frac{d}{dt}e^{i\frac{2n+1}{2a}t}=\frac{1}{i}\frac{d}{dt}+\frac{2n+1}{2a}$, $n\in \mathbb{Z}$ ,
Green $\{\frac{2m+1}{2a}|m\in \mathbb{Z}\}$
n(n/a)
$W^{k}$ $W_{+}^{k}\oplus W_{-}^{k}$ $\{H, G\}$ Redholm $F$ .
Cuntz $\{s_{1}, s_{2}\}$ $W_{+}^{k}arrow W_{-}^{k},$ $W^{k}arrow W_{\pm}^{k}$
$G\pm$
$\mu_{n},\pm,$ $e_{n,\pm;c_{\pm e_{n,\pm}}}=\mu_{n},\pm e_{n},\pm,$ $\mu_{1},\pm\geq$
$\mu_{2,\pm}\geq\ldots>0$ , $x= \sum_{n}x_{n},\pm e_{n},\pm\in H\pm$ $x\in H\pm$




$s_{1}(e_{2n-1,+})$ $=$ $e_{n,+}$ , $s_{1}(e_{2n})=e_{n,-}$ ,
$s_{2}(e_{2n-1,-})$ $=$ $e_{n,+}$ , $s_{2}(e_{2n})=e_{n,-}$ ,
( $s_{1}(e_{2n-1,+})=e_{n}$,-, . . . ,
)




$G$ $\zeta-$ $\zeta(G, s)$
$\zeta_{\pm}(G,s)=\zeta(G_{+}, s)+e^{\pm i\pi\epsilon}\zeta(G_{-}, s)$ ,
2 $G$
$\zeta\pm(G, s)=(1+e^{\pm i\pi s})\zeta_{+}(G, s)$ , $\zeta\pm(G, n)=0,$ $n\in \mathbb{Z}$ ,
$\zeta(c_{\pm,S})$ $d$ $\zeta(c_{\pm}, 0)=\nu\pm$ ,
$d$
$c\pm$
$\nu=\zeta_{\pm}(G, 0)=\nu_{+}+\nu_{-}$ , ${\rm Res}_{\epsilon=d}\zeta_{\pm}(G, s)=c_{+}+e^{\pm i\pi d_{C_{-}}}$ ,
$d$ ( $G$ compact spin $X$ Dirac
Green $d=\dim X$ )
${\rm Res}_{s=d}\zeta_{\pm}(G, s)=c_{+}+(-1)^{d}c_{-}$ ,
– ${\rm Res}_{s=d}\zeta+(G, s)\neq{\rm Res}_{\epsilon=d}\zeta_{-}(G, s)$
$e_{\infty,\pm}= \sum_{n=1}^{\infty}\mu_{n,\pm}^{d/2}e_{n,\pm}$ $H_{\pm}^{\mathfrak{h}}$ $G$ $H^{\mathfrak{h}}$
W
$H^{\mathfrak{h}}=H_{+}^{\#}\oplus H^{\mathfrak{h}}$ , $W^{k,\mathfrak{h}}=W_{+}^{k,\#}\oplus W_{-}^{k,\mathfrak{h}}$, (11)
$H$ $\{e_{n},\pm|n=1,2, \ldots\},$ $W^{k}$
$e_{n,\pm,k}=\mu_{n,\pm^{e_{n,\pm}}}^{k/2}$ $\{e_{n,\pm,k}|n=1,2, \ldots\}$ $||e_{\infty,\pm}||=\sqrt{c\pm}$
(x) $=\mathcal{F}x,$ $x\in H+$ , $\hat{F}e_{\infty,+}=\sqrt{\frac{c_{-}}{c_{+}}}e_{\infty,+}$ ,
7
$\{H, G\}$ Fredholm $F$ $\{H^{\mathfrak{h}}, g\}$ Fredholm $\hat{F}$
Cuntz





$H$ $f(x)= \sum_{n}x_{n};x=(x_{1}, x_{2}, \ldots)$
$\{H, G\}$ $\sum_{n}x_{n}$
: $\sum_{n=1}^{\infty}x_{n}$ $:=: \sum_{n=1}^{\infty}x_{n}:_{G}=\sum_{n=1}^{\infty}\mu_{n}^{\epsilon}x_{n}|_{s=0}$ , (12)
: $\sum_{n}x_{n}$ : $H^{\mathfrak{h}}$ $\zeta(G, s)$ 1 $s=d/2$
$x(c) \in H,c>/2\text{ }\sum_{n}x(c)_{n}\text{ }c\leq 1\text{ _{ }}\mathrm{f}\mathrm{f}\mathrm{l}.\mu_{n}=\frac{1}{n,1}k\text{ _{}\circ}x(c)=(c)_{1},$$x()_{n_{\text{ }}}$
,
$\sum_{n=1}^{\infty}\frac{1}{n^{\epsilon}}\frac{1}{n^{c}}=\zeta(s+c)$ ,
: $\sum_{n}x(c)_{n}$ : $1/2<c<1$
$c=c_{+}-G_{-}$ : $\sum_{n}x_{n}$ :
: $\sum_{n=1}^{\infty}x_{n,+}:$ $+: \sum_{n=1}^{\infty}x_{n,-}:$ , . $\sum_{n=1}^{\infty}x_{n,\pm}:=\sum_{n=1}^{\infty}\mu_{n,\pm}^{\epsilon}x_{n,\pm}|_{s=0}$ , (13)
: $\sum_{n}x_{n}:c$ : $\sum_{n^{X_{n}:}|G|}$
5 . $\tau$ $x_{1},$ $x_{2},$ $\ldots$ $n$- :
$\sigma_{n}(x_{1}, x_{2}, \ldots)$ :
: $\prod_{n=1}^{\infty}(1+\tau x_{n})$ : $=$ $\prod_{n=1}^{\infty}(1+\mu_{n}^{\epsilon}\tau x_{n})|_{\epsilon=0}$ ,
: $\prod_{n=1}^{\infty}(1+\tau x_{n})-$ : $=$ $1+ \sum_{n=1}^{\infty}$ : $\sigma_{n}(x_{1},x_{2}, \ldots)$ : $\tau^{n}$ , (14)
8
: $\sigma_{1}(x_{1}, x_{2}, \ldots)$ $:=: \sum_{n}x_{n}$ :
$\log(\prod_{n=1}^{\infty}(1+\mu_{n}^{\epsilon}\tau x_{n}))$ $=$ $\sum_{n=1}^{\infty}\log(1+\mu_{n}^{s}\tau x_{n})$
$( \sum_{n=1}^{\infty}\mu_{n}^{s}x_{n})\tau-\frac{1}{2}(\sum_{n=1}^{\infty}\mu_{n}^{2s}x_{n}^{2})\tau^{2}+\cdots$ ,
2 $(x_{1}, x_{2}, \ldots)\in H$ $s=0$
$\prod_{n=1}^{\infty}(l+\mu_{n}^{s}\tau x_{n})$ $\sum_{n}\mu_{n}^{\epsilon}x_{n}$ $s=0$
$s=0$
1 : $\sum_{n}x_{n}$ : $n$ $x_{1},$ $x_{2},$ $\ldots$
: $\sigma_{n}(x_{1}, x_{2}, \ldots)$
1 5 $\sigma_{\infty}(x_{1}, x_{2}, \ldots)$
\Pi nxn \Pi nxn





$H$ $H\#$ Laplacian : $\triangle$ :;
: $\triangle$ : $f= \sum_{n=1}^{\infty}\mu_{n^{\frac{\partial^{2}f}{\partial x_{n}^{2}}1_{\epsilon=0}}}^{s}$ ,
$f|_{x_{\hslash}=-\mu_{n}^{d/2}}=f|_{x_{n}=\mu_{n}^{d/2}}$ , $\frac{\partial f}{\partial x_{n}}|_{x_{n}=-\mu_{n}^{d/2}}=\frac{\partial f}{\partial x_{n}}|_{x_{n}=\mu_{n}^{d/2}}$ ,





$0$ $\prod_{n=1}^{\infty}\cos(N\mu_{n}^{-d/2}\pi x_{n}^{2})$ $x=0$
$\prod_{n=1}^{\infty}\cos(N\mu_{n}^{-d/2}\pi x_{n})=\prod_{n=1}^{\infty}(1-\frac{1}{2}(N\mu_{n}^{-d/2}x_{n})^{2}+\cdots)$,
$x\in W^{d}$ ( $0$ )
$H^{\mathfrak{h}}$ $f_{n}(x_{n})=\sin(N_{n}\mu_{n}^{-d/2}\pi x_{n})$
$H^{\mathfrak{h}}$ $\prod_{n}\cos(N\mu_{n}^{-d/2}\pi x_{n})$ $W^{d}+ \frac{m}{N}\pi e_{\infty},$ $m\in \mathbb{Z}$
$\prod_{n}\sin(N\mu_{n}^{-d/2}\pi x_{n})t\mathrm{h}W^{d}+(\frac{m}{N}+\frac{1}{2})\pi e_{\infty}$ $0$
$(-1)^{\infty}$ $(-1)^{\nu}$
5
6. $z_{1},$ $z_{2},$ $\ldots$ Agmon angle $\theta$ $z_{1},$ $z_{2},$ $\ldots$
$G$ $\theta$ : $\prod_{n}z_{n}$ :
: $\prod_{n=1}^{\infty}z_{n}:=\prod_{n=1}^{\infty}z_{n}^{\mu_{n}^{s}}|_{s=0}$ , $\theta<\mathrm{A}\mathrm{r}\mathrm{g}.z_{n}<\theta+2\pi$,
. $G$ Ray-Singer $detG=e^{\zeta’(G,0)}$
$e^{\zeta’(G,s)}=e^{\Sigma_{n}\log\mu_{n}\mu_{n}^{e}}= \prod_{n=1}^{\infty}\mu_{n}^{\mu_{\dot{n}}}$ ,
$G$ : $\prod_{n}\mu_{n}$ :
2.
$|$ : $\prod_{n=1}^{\infty}x_{n}$ : $|$ $=$ : $\prod_{n=1}^{\infty}|x_{n}|:,$ $x_{1},$ $x_{2},$ $\ldots,$ $\in \mathrm{R}$ (16)
: $\prod(cx_{n})$ : $=$ $c^{\nu}$ : $\prod x_{n}$ :. (17)
$n=1$ $n=1$
1. $\nu$ (17) $d^{\ovalbox{\tt\small REJECT}}$ Agmon angle
10
2. ; $\prod_{n}x_{n}$ : $x_{n},$ $n=1,2,$ $\ldots$
$\frac{\partial^{p}}{\partial x_{i_{1}}\cdots\partial x_{i_{p}}}$ : $\prod_{n=1}^{\infty}x_{n}$
$:=: \prod_{n\not\in\{i_{1}\ldots,i_{p}\}}.x_{n}:$
,
$\lim_{Narrow\infty}\frac{\partial^{N}}{\partial_{X_{1}}\cdots\partial x_{N}}$ : $\prod_{n=1}^{\infty}x_{n}:=1$ ,
(7 )
$x_{1},$ $x_{2},$ $\ldots,$ $y_{1},$ $y_{2},$ $\ldots,$ $x_{1}y_{1},$ $x_{2}y_{2},$ $\ldots$ Agmon angle
$(x_{\mathrm{n}}y_{n})^{\mu_{n}^{s}}=x_{n^{n}}^{\mu^{l}}y_{n^{n}}^{\mu^{\epsilon}}$
: $\prod_{n=1}^{\infty}x_{n}y_{n}$ $:=: \prod_{n=1}^{\infty}x_{n}::\prod_{n=1}^{\infty}y_{n}:$ , (18)
$x=x_{f}+te_{\infty,k}\in W^{k,\mathfrak{h}},$ $t\neq 0$ $x= \sum_{n}x_{n}e_{n,k},$ $x_{n}=x_{f,n}+\mu_{n}^{d/2}t$
$\lim_{narrow\infty}\mathrm{A}\mathrm{r}\mathrm{g}x_{n}=\mathrm{A}\mathrm{r}\mathrm{g}t$ $x_{1},$ $x_{2},$ $\ldots$ Agmon angle
$\prod_{n=1}^{\infty}x_{n}^{\mu_{n}^{s}}=t^{\zeta(G,\epsilon)}\prod_{n=1}^{\infty}\mu_{n}^{\mu_{n}^{*}(d/2)}\prod_{n=1}^{\infty}(1+\frac{x_{f,n}}{\mu_{n}^{d/2}t})^{\mu_{n}^{\delta}}$,
3 \Re s \Sigma ;l|\mu :xf,$n|$




$=$ $t( \sum_{n=1}^{\infty}\mu_{n}^{\epsilon}(\mu_{n}^{-d/2}x_{f,n}))-\frac{t^{2}}{2}(\sum_{n=1}^{\infty}\mu_{n}^{s}(\mu_{n}^{-d/2}x_{f,n})^{2}+\cdots$ ,
2 $[]\mathrm{h}x_{f}\in W^{d}$ $sarrow \mathrm{O}$ 1
11
3. $x_{f}\in W^{d}$ : $\prod_{n}x_{n}$ :





$\nu$ : $\prod_{n}x_{n}$ : $W^{k,\#}$ $W^{(k+d)/2_{\oplus}}$
$\mathbb{C}e_{\infty,k}$
$W^{k}$ ($t=0$
) ( $W^{k}$ : $\prod_{n}x_{n}$ :
) $\nu$ : $\prod_{n}x_{n}$ : (Cauchy
([6]) $)$
. $x\in W^{k,\mathfrak{h}}$ $\sum_{n}x_{n,k}e_{n,k}$ $W^{k}\oplus \mathrm{K}e_{\infty,k}\in$
$\bigcap_{\mathrm{t}<k}W^{l}$ : $\prod_{n}x_{:}$ W
: $\prod_{n}x_{n}$ : $x_{1},$ $x_{2},$ $\ldots$
$x\in W^{k,\mathfrak{h}}\text{ }\mathrm{s}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{g}$ Ix;Ixen=xnen Paycha
trace
: $\prod_{n=1}^{\infty}x_{n}:c=e^{\mathrm{t}\mathrm{r}G^{s}\log I_{x}}|_{s=0}$ ,
$G$
: $\prod_{n=1}^{\infty}x_{n}:_{G}=:\prod_{n=1}^{\infty}x_{n|G|}:$ ,




: $\prod_{n=1}^{\infty}x_{n,+}::\prod_{n=1}^{\infty}x_{n,-}$ $:=: \prod_{n=1}^{\infty}x_{n,+}x_{n,-}:$ ,
2. : $\prod_{n}x_{n}:c$ $W^{k}$ 2 $e_{\infty,+,k},$ $e_{\infty,-,k}$
$W^{k,\#}$ : $\prod_{n^{X_{n}:}|G|}$ $W^{k}$ $e_{\infty,+,k}+e_{\infty,-,k}$
6
7. $\log T=S;e^{S}=T$ $T$ $G$
$det_{G}T$
$det_{G}T=e^{\mathrm{t}\mathrm{r}G^{\epsilon}S}|_{s=0}$ , (20)
$\mathrm{t}\mathrm{r}G^{s}S|_{s=0}$ Paycha $\zeta$-regularized trace $T=I_{a}$ :
$I_{a}e_{n}=a_{n}e_{n}$ $\log I_{a}=I_{1o\mathrm{g}a};\log a=(\log a_{1}, \log a_{2}, \ldots)$ ,
$e^{\mathrm{t}\mathrm{r}G^{\epsilon}\log I_{a}}=e^{\Sigma_{n}\mu_{n}^{*}\log a_{n}}= \prod_{n=1}^{\infty}a_{n}^{\mu_{n}^{\epsilon}}$ ,
$det_{G}I_{a}=: \prod_{n=1}^{\infty}a_{n}:_{G}$ , (21)
$(a_{1}, a_{2}, \ldots)$ Agmon angle $\log I_{a}$
$det_{G}(tT)=t^{\nu}det_{G}T$, $det_{G}(tI)=t^{\nu}$ ,
$T=I_{a}+N,$ $NI_{a}$ $=I_{a}N,$ $(Ne_{n}, e_{n})=0,$ $n=1,2,$ $\ldots$ ,





$\log ST=\log S+\log T$ $[\log S, \log T]=0$
$[G^{s}\log T, G^{s}\log T]$ $0$ $det_{G}ST=$
$det_{G}Sdet_{G}t$












. $||T||<1$ $H$ Hilbert
$\log(I+T)=\sum_{n=1}^{\infty}(-1)^{n-1}\frac{T^{n}}{n}+2N\pi iI={\rm Log}(I+T)+2N\pi iI$ ,
$e^{\mathrm{t}\mathrm{r}G^{*}\log(I+T)}|_{\epsilon=0}$ $=$ $e^{\mathrm{t}\mathrm{r}G^{\epsilon}{\rm Log}(I+T)}|_{\epsilon=0e^{2}}N\pi i\zeta(G, s)|_{\epsilon=0}$
$=$ $det(I+T)e^{2N\nu\pi i}$ , $det(I+T)=e^{\mathrm{t}\mathrm{r}{\rm Log}(I+T)}$ ,
$\nu$ $det_{G}(I+T)$ – $\mathrm{A}\mathrm{a}_{\text{ }}$
$G$ Ray-Singer
$\zeta’(G, s)=\mathrm{t}\mathrm{r}(G^{s}\log G)$ ,










$det_{G}T=3^{\zeta(\epsilon)}2^{\zeta(s)-1}|_{\epsilon=0}$ , $det_{G}PTP^{-1}=2^{\zeta(s)}3\zeta(s)-1$ ,
$1/2\sqrt{6},1/3\sqrt{6}$
$I+K,$ $K$ compact $\mathcal{K},$ $G$
$C_{G}$ $\mathcal{K}$ $C_{G}$ $P$
$det_{G}PTP^{-1}=det_{G}T$ $\mathcal{K}$ $H$ $GL(H)$
$GL(H)/\mathcal{K}$ Grassmann homotopy
$\mathcal{K}$
$\mathcal{K}_{\mathrm{t}\mathrm{r}}=\{I+K\in \mathcal{K}\};K$ trace class
cohomology
$GL(H)$ $T^{-1}dT$ counter term $A(T)=T^{-1}\Theta(T)T$













$\lim_{narrow\infty}\int_{\mathrm{R}^{n}}\frac{\partial^{n}}{\partial x_{1}\cdots\partial x_{n}}(x_{1}^{\mu_{1}^{\epsilon}}\cdots x_{n}^{\mu_{n}^{\epsilon}})f(x)d^{n}x|_{s=0}$ ,
$f$
$\lim_{Narrow\infty}\frac{\partial^{N}}{\partial x_{1}\cdots\partial x_{N}}$ : $\prod_{n=1}^{\infty}x_{n}:=1$ ,
([4])
$H$ $H^{\mathfrak{h}}$ : $d^{\infty}x$ :
: $d^{\infty}x:=r^{\nu-1}dr:d^{\infty}\omega:$, : $d^{\infty} \omega=\prod_{n=1}^{\infty}(\sin^{\nu-n-1}\theta_{n}d\theta_{n})$,
$([5] \mathrm{c}\mathrm{f}.[10])$ $H$ (
$H^{+}= \{\sum_{n}x_{n}e_{n}|x_{n}\geq 0.\}$






$I_{a},$ $a=$ $(a_{1}, a_{2}, \ldots )$ ; $I_{a}e_{n}=a_{n}e_{n}$ scaling
$\int_{I_{a}(H\mathfrak{b})}I_{a}\#(f)$ ; $d^{\infty}I_{a}x \cdot:=\int_{H^{\mathfrak{h}}}|det_{G}I_{a}|f$ : $d^{\infty}x:$ , (23)
$W^{k,\mathfrak{h}}$ : $d^{\infty,k}x$ :
: $d^{\infty,k}x:=|detG|^{k/2}$ : $d^{\infty}x$ :, (24)
$T$ scaling $T=I_{a}+N,$ $N$ –
(11) $det_{G}T$
$\int_{T(D)}\tau\#_{f:d^{\infty}Tx:=}\int_{D}|det_{G}T|f$ : $d^{\infty}x:$ , (25)
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1. $D= \{\sum_{n}x_{n}|a_{n}\leq x_{n}\leq b_{n}\}\subset H^{\mathfrak{h}},$ $f(x)= \prod_{n}f_{n}(x_{n})$ ;
$f_{n}\geq 0,$ $\int_{a_{n}}^{b_{n}}f_{n}(x)dx=c_{n}$
$\int_{D}f(x)$ : $d^{\infty}x:=: \prod_{n=1}^{\infty}c_{n}:$ , (26)
. $\int_{a}^{b}f(x)dx=c$ $x=cy$
$\int_{a}^{b}f(x)dx=c\int_{\frac{a}{\mathrm{c}}}^{\frac{b}{c}}f(cy)dy$,
scaling $x_{n}=c_{n}y_{n}$ (23) (26)










$f_{j}(x)$ $=$ $\sin(N_{j\mu_{j}^{-d/2}}\pi x)$ , or $\cos(N_{j\mu_{j}^{-d/2}\pi X})$ ,
(25)
$\int_{D}f_{i_{1},\ldots,i_{m}}(x)^{2}$ : $d^{\infty}x$ : $=$ $2^{\nu-m}(detG)^{d}$ , (27)
$\int_{D}f^{i_{1},\ldots,i_{m}}(x)^{2}$ : $d^{\infty}x$ : $=$ $2^{m}(detG)^{d}$ , (28)
$f_{i_{1},\ldots,i_{P}},$
$f^{j_{1},\ldots,j_{q}}$
$T^{\infty}=H^{\mathfrak{h}}/\mathbb{Z}^{\infty}$ , $\mathbb{Z}^{\infty}=\{\sum_{n}N_{n}e_{n,k}\in H^{\mathfrak{h}}|N_{n}\in \mathbb{Z}\}$ ,
$(f,g)= \int_{D}f\overline{g}$ : $d^{\infty}x:$ ,
17
Hilbert $L^{2}(T^{\infty})$ (27), (28)
$\frac{1}{2^{(\nu-p)/2\sqrt{detG}}}f_{i_{1},\ldots,i_{p}}$ , $\frac{1}{2^{q/2\sqrt{detG}}}f^{j_{1,\ldots\dot{J}q}}$”
L2(T\infty \infty ) L2(T\infty ) 3
Fourier $\text{ }H^{\mathfrak{h}}\text{ }H_{+}^{\mathfrak{h}}$
$f$ Fourir $\mathrm{F}(f)$ Laplace $\mathrm{L}(f)$
$\mathrm{F}(f)(\xi)$ $=$ $\int_{H\#}f(x)e^{-2\pi i\langle x,\xi\rangle}$ : $d^{\infty}x:$ ,
$\mathrm{L}(f)(t)$ $=$ $\int_{H_{+}^{\#}}f(x)e^{-\langle x,t\rangle}$ : $d^{\infty}x.$ ,
(24) $\int_{D}f(x)$ : $d^{\infty}x$ : $D$
D
$\mathrm{R}^{n}=\{x_{1}e_{i_{1}}+\cdots+x_{n}e_{i_{n}}\}$ $\mathbb{R}^{\perp}$
$I=\{i_{1}, \ldots, i_{p}\}$ : $d^{\infty-I}x$ : $det_{G}T$
: $d^{\infty-\{i_{1},\ldots,i_{p}\},k}Tx:=det_{G}T\mu_{i_{1}}^{-k}\cdots\mu_{i_{p}}^{-k}$ : $d^{\infty-\{i_{1},\ldots,i_{p}\},k_{X:}}$ , (29)
$G=G_{+}-G_{-}$ $H_{\pm}^{\mathfrak{h}}$ : $d^{\infty/2,\pm}x$ :
: $d^{\infty/2-I,\pm,k}x$ : $\{H, G\}$ Fredhoh
$F$ G-=FG+
$Je_{n,+}=Fe_{n,+}=e_{n,-}$ , $je_{n,-}=-\tau\dagger_{e_{n,-}=-e_{n,+}}$ ,
$\sqrt{-1}$- $J$






$d(x_{n,+}^{\mu_{n}^{\epsilon}})d(x_{n,-}^{\mu_{\dot{n}}})$ $=$ $\mu_{n}^{2\epsilon}(x_{n,+}x_{n,-})^{\mu_{n}^{\epsilon-1}}dx_{n,+}dx_{n,-}$ ,
$d(\xi_{n^{\dot{n}}}^{\mu})d(\overline{\xi}_{n^{\hslash}}^{\mu^{*}}’)$ $=$ $\mu_{n}^{2\epsilon}|\xi_{n}|^{2(\mu_{n}^{t}-1)}d\xi d\overline{\xi}$,
18
: $d^{\infty} \xi:=_{n}\mathrm{H}\mathrm{m}\prod_{n=1}^{\infty}d(\xi_{n^{n}}^{\mu^{s}})d(\overline{\xi}_{n^{n}}^{\mu^{\delta}})|_{\epsilon=0}$ : $d^{\infty}x$ :[ –
$f$
$\lim_{marrow\infty}\frac{\partial^{2m}}{\partial x_{1,+}\cdots\partial x_{m,+}\partial x_{1,-}\cdots\partial x_{m,-}}:\prod_{n=1}^{\infty}x_{n,+}::\prod_{n=1}^{\infty}x_{n,-}$ $=$ 1,
$\lim_{marrow\infty}\frac{\partial^{2m}}{\partial\xi_{1}\cdots\partial\xi_{m}\partial\xi_{1}\cdots\partial\xi_{m}}:\prod_{n=1}^{\infty}\xi_{n}::\prod_{n=1}^{\infty}\overline{\xi}_{n}$ $=$ 1,
$\int f$ : $d^{\infty}x:= \int f$ : $d^{\infty}\xi$ :
8 Grassmann
$W^{k}$ Grassmann $Gr(W^{k})$ $e_{1,k},$ $e_{2,k},$ $\ldots$ ,
$W^{k}$ $Gr(W^{k})\subset Gr(W^{l})$ ,
$l<k$ $e_{\infty,k}\in Gr(W^{l}),$ $l<k$ Gr(W




$d^{I}x_{-k}\wedge d^{\infty}x_{-k}=d^{\infty}x\wedge d^{I}x=0,$ $d^{I}x_{-k}=dx_{i_{1},-k}\wedge\ldots\wedge dx_{i_{p},-k},$ (30)
$I=\{i_{1}, \ldots,i_{p}\}$ $d^{\infty}x_{-k}$ : $d^{\infty}x$ $:-k^{=}$
$detG^{-k/\mathit{2}}$ : $d^{\infty}x$ : $d^{\infty-I_{X_{-k}}}$
$d^{J}x_{-}k\wedge d^{\infty-I}x_{-k}$ $=$ $e^{q(\nu-p)\pi i}d^{\infty-I}x_{-k}\wedge d^{J}x_{-k}$ ,
$d^{\infty-I}x_{-k}\wedge d^{J}x_{-k}$ $=$ $e^{-(\nu-p)q\pi 1}d^{J}x_{-k}\wedge d^{\infty-I}x_{-k}$, (31)
$([2],[3])$ $\nu$
torus
8 (\infty -p)- Gr(Wk
$Gr^{\infty}(W^{-k,\mathfrak{h}})$
$G$ $d^{\infty}x_{k},$ $d^{\infty-I_{X_{k}}}$ (13)
$c\#_{d^{\infty}x_{-k}}$ $=$ $d^{\infty}Gx_{-k}=detGd^{\infty}x_{-k}$ , (32)
$G^{\mathfrak{p}}d^{\infty-I}x_{-k}\ldots$ $=$ $detG\mu_{i_{1}}^{k/2}\cdots$ $\mu_{i_{\mathrm{p}}}^{k/2}d^{\infty-I}x_{-k}$ , (33)
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$(\infty-P)$ - Gr(Wk
$Gr^{\infty}(W^{-k,\mathfrak{h}})\cong Gr(W^{-k,\mathfrak{h}})\oplus Gr(W^{k,\mathfrak{h}})detG$, (34)
$Gr^{\infty}(W^{-k,\mathfrak{h}})$ Hodge*-
$*(dx_{i_{1},-k}\wedge\ldots\wedge dx_{i_{p},-k})$
$e^{(i_{1}+\cdots+i_{p}-p(p-1)/2)\pi i}d^{\infty-\{i_{1},\ldots,i_{\mathrm{p}}\}_{X_{-k}}}$ , (35)
$*(d^{\infty-\{i_{1}\ldots,i_{\mathrm{p}}\}_{X_{-k}}}$
$=$ $e^{-(i_{1}+\cdots+i_{p}-p(p-1)/2}dx_{i_{1},-k}\wedge\ldots dx_{i_{p},-k}$ , (36)
(32), (33)
$d^{\infty-\{n\}}x_{-k}=detGdx_{n,k}=detGG^{k,\#}dx_{n,-k}’$ ,
$*$- $G$ $([2],[3])$ (33)
$det_{G}T$ $T$ $Gr^{\infty}(W^{-k,\mathfrak{h}})$
$G=G_{+}-G_{-}$ $d^{\infty/2-I,\pm}x_{-k}$
$d^{\infty/2,+}x_{-k}\wedge d^{\infty/2,-_{X_{-k}}}$ $=$ $e^{\nu\nu-\pi i}d^{\infty/\mathit{2},-}+x_{-k}\wedge d^{\infty/\mathit{2},+_{X_{-k}}}$ ,
$d^{\infty/2,-}x_{-k}\wedge d^{\infty/2,+}x_{-k}$ $=$ $e^{-\nu-\nu}d+^{\pi i\infty/2+_{X_{-k}}})\wedge d^{\infty/2,-}x_{-k},$ (37)
$Gr^{\infty}(W^{-k,\mathfrak{h}})$ $Gr(W^{-k,\mathfrak{h}})$ $d^{\infty/2=I,\pm}x_{-k}$
$d^{\infty}x_{-k}=d^{\infty/2,+}x_{-k}\wedge d^{\infty/2,-_{X_{-k}}}$,
$\{H, G\}$ Fredholm n,k, $d\overline{\xi}_{n,k}$
Grassmann GrJ(W-k $Gr_{J}(W^{-k,\#})$ 2-






: $d^{\infty}\xi$ : : $d^{\infty}\xi$ :
$\tilde{\Omega}_{k}(s)=\sum_{n=1}^{\infty}\mu_{n}^{2\epsilon}|\xi|_{n}^{2(s-1)}d\xi_{n}\wedge\overline{\xi}_{n}$ ,
20
: $d^{\infty}\xi$ :, : $d^{\infty}\overline{\xi}$ : $d^{\infty}\xi,$ $d^{\infty}\overline{\xi}$ GrJ(W-k
$Gr_{J}^{\infty}(W^{-k,\#})$ Gr\infty (W-k, --
. Grassman Gr(W $\infty$- $e_{\infty,k}$




$W^{k}$ $(\infty -p)$- $W^{k}$ $W^{k}\otimes\cdots\otimes W^{k}$ $u=$
$u(x;x_{1}, \ldots,x_{p})$ $x_{1},$ $\ldots,$ $x_{p}$
$u$
Frechet $\hat{d}u$ $\hat{d}u$ $W^{k}$ $W^{-k}$
$x_{1}=x$ $x_{2},$ $\ldots,$ $x_{p}$




$du(x;x_{\mathit{2}}, \ldots,x_{p})=\mathrm{t}\mathrm{r}\hat{d}u(x, x;x_{2}, \ldots,x_{p})$ , (38)
( -p+l)- u
$d( \sum_{I}f_{I}d^{\infty-I}x)=\sum_{J}(\sum_{I\backslash \{i\}=J}(-1)^{i_{1}-1}\frac{\partial f_{I}}{\partial x_{i}})d^{\infty-J_{X}}$ ,










$(\infty-p)$- $u$ : $d:u=:d:_{G}u$
: $d:u(x;x_{1}, \ldots,x_{p-1})=\mathrm{t}\mathrm{r}(G^{\mathit{8}}\hat{d}u)(x,x;x_{1}, \ldots,x_{p-1})|_{s=0}$, (39)
: $d:( \sum_{I}f_{I}d^{\infty-I}x)=\sum_{J}(\sum_{I\backslash \{i\}=J}(-1)^{i_{1}-1}\mu_{i_{1}}^{s}\frac{\partial f_{I}}{\partial x_{i}})d^{\infty-J}x|_{\delta=0}$,
$\omega$
: $d$ : $\omega=(\sum_{n=1}^{\infty}\mu_{n}^{s})d^{\infty}x|_{\epsilon=0}=\zeta(G, s)d^{\infty}x|_{s=0}=\nu d^{\infty}x$,
$r=\sqrt{\sum_{n}x_{n}^{2}}$
$\sum_{n=1}^{\infty}\mu_{n}^{\delta}\frac{\partial r}{\partial x_{n}}dx_{n}=\sum_{n=1}^{\infty}\mu_{n^{\frac{x_{n}dx_{n}}{r}}}^{\epsilon}$,




: $d:*df=( \sum_{n=1}^{\infty}\mu_{n}^{s}\frac{\partial^{2}f}{\partial x_{n}^{2}})|_{\epsilon=0}d^{\infty}x=:\triangle$ : $fd^{\infty}x$ ,
Lpalacian ([3])
$\mathrm{H}\mathrm{o}\mathrm{d}\mathrm{g}\mathrm{e}*$- $d$ adjoint $\delta$ : $d$ :
: $\delta$ :




$G=G_{+}-G_{-}$ $d_{+}+d_{-}$ $(\infty/2-p, \pm)-$
: $d\pm$ :
$Gr_{J}^{\infty}(W^{-k,\mathfrak{h}})$ $\partial,\overline{\partial}$ : $\partial$ :, : $\overline{\partial}$ :
10 Soborev
$M=\{U, h_{U}\}$ Soborev $h_{U}arrow W^{k},$ $W^{k}=\{W^{k},G\}$
$\{Gu\},$ $G_{U}=G+H_{U}$
$guvG_{V}=Guguv$ , $g_{UV}=h_{U}h_{V}^{-1}$ : $W^{k}arrow W^{k}$ ,
$G^{-1}L_{U}\in \mathrm{I}$ , I compact ideal $\text{ }$ $M$
$W^{k,\mathfrak{h}}$ model $M^{\mathfrak{h}}$
$M$ Map(X, $N$) ( )
$X$ compact Riemann $N$ paracompact
Soborev-k- $M$ $W^{k}(X)$ model Soborev
G mI D=\triangle +mI Green
$D$ {Au};
$(D+A_{U})g_{UV}=g_{UV}(D+A_{V})$ , (40)
$m$ $D+Au$ Green $G_{U}$
$W^{k}=\{W^{k}, G\}$ Map(X, $M$)
Soborev $k$- MaP $(X, M)$ MaP $(X, M)\subset$
$Map^{k-1}(X, M)$ $e_{\infty,k}$ ( ) $Map^{k-1}(X, M)$
M (X, $M$) ( )
$G$ $G=G_{+}-G_{-}$ $X$ spin
$D=P+mI$ model $X$
spinor Soborev $W^{k}(X, E)$ Map(X, $N$)
X=Sl Map(X, M)




$M$ bundle $TM$ ([2]) ($N$




$N$ bundle Map(X, $N$) bundle
$M$ $\{W^{k}(X, E), P\}$ model $M,$ $M^{\mathfrak{h}}$ Fredholm
Cuntz $M^{\mathfrak{h}}$ Fredholm Cuntz
$M^{\mathfrak{h}}$ $M^{\mathfrak{h}}$ $M=Map(X, N)$
N $\mathrm{R}\mathrm{e}\mathrm{d}\mathrm{h}\mathrm{o}\mathrm{l}\mathrm{m}\text{ }\mathrm{C}\mathrm{u}\mathrm{n}\mathrm{t}\mathrm{z}\text{ }M\#$ N
$(\mathrm{c}\mathrm{f}.[1])$
$M^{\mathfrak{h}}$ bundel $TM^{\mathfrak{h}}=\{guv\}$ $W^{k,\mathfrak{h}}$ fibre
Gr\infty \infty (W-k ( ) U
$det(D+A_{U})^{-k/2}$ $\frac{det(D+A_{U})k/2}{det(D+A_{V})k/2}=$
bundel $det(M^{\mathfrak{y}})$ $x\in U\cap V$ $k$ $D+A_{U}(x)$ $D+Av(x)$
$\zeta(D+A_{U}(x), s)$ $=$ $\zeta(D+A_{V}(x), s)$
$\eta(D+A_{U}(x), s)$ $=$ $\eta(D+A_{V}(x), s)$ ,
$D$ $det(D+A_{U}(x))=det(D+A_{V}(x))$
Dirac $detD$ – $det(D+A_{U}(x))=$
$e^{\pm\nu-(x)\pi i}det|D+A_{U}(x)|$
$\frac{det(D+A_{U}(x))}{det(D+A_{V}(x))}=e^{\pm 2\nu-(x)\pi i}$ ,
bundle {Au}
$\mathrm{H}\mathrm{o}\mathrm{d}\mathrm{g}\mathrm{e}*$- $D+A_{U}$ Green $c_{u}$
$M^{\mathfrak{h}}$ $M^{\mathfrak{g}}$
*- M# Poincar\’e
de Rham cohomology ( !)
$M$ W torus $T^{\infty}= \{\sum_{n}z_{n,k}e_{n,k}||z_{n,k}|=\mu_{n}^{d/2}\}$
cohomology Gr\infty \infty (W $([6] \mathrm{c}\mathrm{f}.[11])$
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